We review the vacuum purely affine gravity with the nonsymmetric connection and metric. We also examine dynamical effects of the second Ricci tensor and covariant second-rank tensors constructed from the torsion tensor in the gravitational Lagrangian.
I. INTRODUCTION
In the purely affine (Einstein-Eddington) formulation of general relativity [1] [2] [3] [4] [5] [6] [7] [8] , a Lagrangian density depends on a torsionless affine connection and the symmetric part of the Ricci tensor of the connection. This formulation defines the metric tensor as the derivative of the Lagrangian density with respect to the Ricci tensor, obtaining an algebraic relation between these two tensors. It derives the field equations by varying the total action with respect to the connection, which gives a differential relation between the connection and the metric tensor. This relation yields a differential equation for the metric. In the metric-affine (Einstein-Palatini) formulation [1, [9] [10] [11] , both the metric tensor and the torsionless connection are independent variables, and the field equations are derived by varying the action with respect to these quantities. The corresponding Lagrangian density is linear in the symmetric part of the Ricci tensor of the connection. In the purely metric (Einstein-Hilbert) formulation [12] [13] [14] [15] [16] [17] [18] , the metric tensor is a variable, the affine connection is the Levi-Civita connection of the metric and the field equations are derived by varying the action with respect to the metric tensor. The corresponding Lagrangian density is linear in the symmetric part of the Ricci tensor of the metric. All three formulations of general relativity are dynamically equivalent [19] . This statement can be generalized to theories of gravitation with Lagrangians that depend on the full Ricci tensor and the second Ricci tensor [20, 21] , and to a general connection with torsion [21] . There also exist formulations of gravity in which the dynamical variables are: metric and torsion (Einstein-Cartan theory) [22] [23] [24] [25] [26] [27] , metric and nonsymmetric connection [28, 29] , tetrad and spin connection (Einstein-Cartan-Kibble-Sciama theory) [30] [31] [32] [33] [34] [35] [36] , spin connection [37] [38] [39] , and spinors [40, 41] .
The fact that Einstein's relativistic theory of gravitation [42] is based on the affine connection rather than the metric tensor was first noticed by Weyl [43] . Shortly after, this idea was developed by Eddington, who constructed the simplest purely affine gravitational Lagrangian [3] . In a series of beautiful papers, entitled The Final Affine Field Laws [44] [45] [46] , Schrödinger elucidated Eddington's affine theory and generalized it to a nonsymmetric connection, introduced earlier by Cartan [22] [23] [24] [25] [26] . Schrödinger's affine theory [47] [48] [49] [50] [51] used a nonsymmetric metric tensor, which was introduced earlier by Einstein and Straus [52] [53] [54] [55] [56] in the metric formulation to unify gravitation with electromagnetism (Einstein's unified field theory [57] [58] [59] [60] [61] [62] [63] [64] [65] ). The antisymmetric part of this tensor was supposed to correspond to the electromagnetic tensor [45, 46, 66] . The failure of such an association [67] [68] [69] [70] resulted in the nonsymmetric gravitational theory of Moffat [71, 72] , according to which the nonsymmetric metric tensor describes only gravity. As the Einstein-Straus theory, Moffat's theory uses the metric-affine variational principle.
In the Eddington-Schrödinger purely affine formulation of gravity, the connection is the fundamental variable, analogous to the coordinates in relativistic mechanics. The relation between the purely affine and metric-affine formulation of gravity is analogous to the relation between Lagrangian and Hamiltonian dynamics in classical mechanics [19] . The curvature corresponds to the four-dimensional velocities, and the metric corresponds to the generalized momenta [6] . Remarkably, this analogy can be completed by noticing that both the connection and the coordinates are not tensors, but their variations are (the coordinate variations are vectors by definition). The curvature and metric form tensors and so do the velocities and momenta. The metric-affine Lagrangian density for the gravitational field is precisely the Legendre term in the Legendre transformation with respect to the Ricci tensor, applied to a purely affine Lagrangian. This term automatically turns out to be linear in the curvature scalar [19] , distinguishing (with respect to the purely affine picture) general relativity and its nonsymmetric extensions from nonlinear theories of gravity with metric structure. The purely affine formulation differs from the Einstein-Straus theory because it automatically generates the cosmological term in the field equations.
In this paper we review the nonsymmetric purely affine gravity in vacuum and examine the role of the curvature in the field dynamics. In Sec. II we introduce the spacetime structure in the purely affine gravity. In Sec. III we derive the affine field equations, and in Sec. IV we discuss the equations of motion on geodesics. Sec. V examines the spherically symmetric solution for the purely affine gravity in vacuum. In Sec. VI we study the role of the second Ricci tensor in the affine gravitational Lagrangian, and in Sec. VII we consider the effects of the torsion tensor in this Lagrangian on the field equations. We briefly summarize the results in Sec. VIII.
II. THE EDDINGTON-SCHRÖDINGER LAGRANGIAN
A contravariant vector V µ and a covariant vector V µ are defined as the quantities which transform under general coordinate transformations like a coordinate differential and a gradient, respectively. The differentials dV µ and dV µ are not vectors with respect to these transformations, and need to be replaced by the covariant differentials:
where δ denotes an infinitesimal parallel translation. The concept of a parallel translation of a vector introduces the linear affine connection Γ ρ µ ν :
which enters the definition of the covariant derivative of a vector:
where the comma denotes the usual partial derivative. The order of the two covariant indices in the connection coefficients is important since we do not restrict the connection to be symmetric [52] [53] [54] [55] [56] . The covariant derivative is assumed to obey the chain rule of differentiating products, and the transformation law for an arbitrary tensor results from the definition of a tensor as the quantity which transforms like the corresponding product of vectors. The purely affine variational principle regards the 64 components of Γ ρ µ ν as the gravitational field variables [5] . Under inhomogeneous coordinate transformations x µ → x µ (x µ ) the connection transforms according to:
It follows that the connection is not a tensor, unlike its antisymmetric part which is the Cartan torsion tensor,
The contraction of the torsion tensor defines the torsion vector,
We also introduce the modified connection (Schrödinger's star-affinity) [5, 44] 
As in general relativity, the curvature tensor
is defined through a parallel displacement of a vector V µ along the boundary of an infinitesimal surface element ∆f µν [5] :
or by the commutator of the covariant derivatives:
For a nonsymmetric connection, the curvature tensor is not antisymmetric in its first two indices which results in two possibilities of contraction [3, 73] . The usual Ricci tensor is defined as
which gives
For a general connection, the tensor (16) is not symmetric. The second Ricci tensor is defined as
from which it follows that this tensor is antisymmetric and has the form of a curl:
In general relativity, this tensor vanishes due to the symmetries of the Riemann curvature tensor. The condition for a Lagrangian density to be covariant is that it must be a product of a scalar and the square root of the determinant of a covariant tensor of rank two [5] . The simplest curvature-only dependent Lagrangian density of this form was introduced by Eddington [3] and generalized by Schrödinger [5] :
where Λ is a constant. Consequently, the gravitational action is given by
The metric structure associated with this Lagrangian is obtained using the following prescription [3, 5, 44] :
, for which the tensors Rµν and Qµν are not independent since Qµν = 2R [µν] , and the Lagrangian density L = − 2 Λ −detR (µν) . 2 The quantity d 4 x −detR (µν) is referred to by Eddington as the generalized volume element [3] . 3 We set the units so that c = 1.
where g µν is the fundamental tensor density. 4 The contravariant metric tensor is defined by [5, 75] 
To make this definition meaningful, we must assume
The covariant metric tensor g µν is related to the contravariant metric tensor by
where the order of the indices is important since both metric tensors are nonsymmetric. Accordingly, there is no general scheme for raising and lowering indices. Substituting Eq. (19) into (21) yields [44] −detR ρσ
where the tensor K µν is reciprocal to the Ricci tensor:
Eq. (25) is equivalent to
which formally has the form of the Einstein field equations of general relativity with the cosmological constant Λ [5] .
In order to find explicit partial differential equations for the metric tensor, we need a relation between g µν and Γ ρ µ ν .
III. THE FIELD EQUATIONS
The dynamics of the gravitational field in the nonsymmetric gravity is governed by the principle of least action δS = 0. The variation of the action corresponding to the Lagrangian (19) reads [44] 
where we vary the action with respect to the connection through R µν . 6 The variation of the Ricci tensor is given by the Palatini formula [5, 9, 44] ,
which can be verified directly from Eq. (16) using the fact that δΓ ρ µ ν is a tensor [5] . 7 Therefore, we obtain
4 If Λ has the dimension of m −2 (cosmological constant), the correct dimension of the action can be obtained by dividing the right-hand side of Eq. (19) by −2κ, where κ is Einstein's gravitational constant, and multiplying the right-hand side of Eq. (21) by −2κ [6, 19, 74] . However, since we consider the gravitational field in vacuum, the factor −2κ is irrelevant. Moreover, we can always set the units so that −2κ = 1. 5 We use the identity δ −detR ρσ = 1 2 −detR ρσ K µν δR µν . 6 In the Einstein-Straus theory, the gravitational Lagrangian density is given by L = g µν R µν , where g µν is a quantity independent of R µν . Consequently, δS = d 4 x g µν δR µν + d 4 x R µν δg µν , and the variation with respect to g µν leads to the equation R µν = 0 which does not contain the cosmological constant [54] [55] [56] . 7 The variation of the curvature tensor is given by
The formula for the covariant derivative of a scalar density (such as √ −g) results from the covariant constancy of the Levi-Civita pseudotensor density,
Combining this formula with the Gauß theorem and the chain rule for the covariant differentiation of the product of a tensor and a scalar density, we derive the identity
Integrating Eq. (31) by parts and using (33) we obtain
According to the principle of least action, the variation of the action (34) vanishes for an arbitrary variation δΓ ρ µ ν , which gives
or equivalently
By means of Eqs. (10) and (32) we find
which is the desired field equation relating the metric to the connection [5, 44] . By contracting Eq. (37) once with respect to (µ, ρ), then with respect to (ν, ρ), and subtracting the resulting equations, we obtain
Eqs. (11) and (38) yield
,ν = 0,
which can be regarded as the field equation instead of (11) [5, 44] . 8 We write Eq. (36) as
and multiply by g µν to obtain
Substituting Eq. (41) to (40) brings the latter into an explicitly tensorial form
Lowering both indices and using definition (10) turns Eq. (42) into the final expression [5, 44, [54] [55] [56] :
This system of 64 equations can be solved for 64 unknown connection coefficients in terms of 16 components of the metric tensor [76] [77] [78] [79] [80] [81] . Lastly, we substitute Eq. (10) into (27) to obtain [5, 44] 
where the tensor * R µν is composed of * Γ κ ρ σ the same way R µν is composed of Γ κ ρ σ . Eqs. (39) , (43) and (44) constitute the complete set of the field equations for the nonsymmetric purely affine gravity in vacuum [5, 44] . Their number, 84, equals the total number of the unknown functions g µν , * Γ ρ µ ν and S µ . These equations coincide with the field equations of Einstein and Straus [54] [55] [56] generalized by the cosmological term [75] .
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The metric tensor can be eliminated by combining Eqs. (27) and (43) into
which has no analogue in the Einstein-Straus theory [5] . This equation contains only the original variables Γ ρ µ ν and does not contain Λ explicitly, although it does embody the Einstein field equations with the cosmological term. It also follows that Eq. (39) is a consequence of the self-contained Eq. (47) [5] .
IV. THE EQUATIONS OF MOTION
We assume that, in the purely affine gravity, a particle moves on an autoparallel curve defined as the curve x µ (λ) such that the vector dx µ dλ tangent to it at any point, when parallely translated to another point on this curve, coincides with the tangent vector there [3, 5, 82, 83] . Using Eq. (3), this condition can be written as
where the proportionality factor C is some function of λ. Eq. (48) can be written as
from which it follows that C must differ from 1 by the order of dλ. Therefore, in the first term on the left-hand side of Eq. (49) we can put C = 1, and we denote 1 − C by φ(λ)dλ. Eq. (49) reads [5] 
If we replace the variable λ by s(λ), Eq. (50) becomes
Requiring φs −s = 0, which has the general solution s 
10 Eq. (43) contracted with g µν yields (ln
. 11 Eq. (44) can be split into the symmetric part
and the antisymmetric part written as [5, [54] [55] [56] 
which does not contain S µ explicitly. 12 In general relativity, the connection components are the Christoffel symbols, Γ 
Using Eqs. (43) and (52), we can write the second term on the left-hand side as
Eq. (53) becomes
The Ricci tensor (16) is invariant under a λ-transformation [86] :
and so is the tensor g µν . 13 Consequently, the field equations (43) are also invariant which can easily be seen since the star-affinity does not change under such a transformation. We can write Eq. (55) as
Applying a transformation (56) with λ = − S µ dx µ turns Eq. (57) into
This conservation is a manifestation of the result, found by Eisenhart, that the symmetric part Γ ρ (µ ν) of the connection is not the only one which is compatible with the metric g (µν) [44, 82, 87, 88] . The constant in Eq. (58) can be set to unity by normalizing the affine parameter, from which it follows that the tensor g (µν) generalizes the symmetric metric tensor of general relativity,
The interpretation of g (µν) as the geometric metric tensor is related to the postulate that a particle moves on a geodesic. Schrödinger, in his great book, Space-Time Structure, pointed out that there are four possible tensors that can play the part of the corresponding tensorial entity describing a gravitational field in general relativity: g (µν) , g (µν) , g (µν) , and g (µν) . 15 All four possibilities are different, but coincide in the limit when all the tensors are symmetric. The first case was assumed by Papapetrou [75, 85, [89] [90] [91] and later by Moffat [71, 72] . The second case was assumed by Kurşunoglu and Hély after reading a physical meaning from the contracted Bianchi identities [92] [93] [94] [95] [96] [97] [98] [99] [100] [101] . The fourth case was assumed by Lichnerowicz, who proved, by availing only of the field equations, that g (µν) enters the eikonal equation as the contravariant metric, both geometrically and physically [102] . The question of which tensor represents the physical metric should be answered by the purely affine theory of gravitation and electromagnetism [74, 103] extended to the nonsymmetric g µν . The corresponding equations of motion will be contained in the field equations derived from this Lagrangian [104] [105] [106] [107] [108] [109] .
The only solutions of the field equations (37) and (39) that correspond to physical fields are those for which the fundamental tensor density g µν has the Lorentzian signature (+, −, −, −). This requirement is guaranteed by the condition (23).
V. THE CENTRALLY SYMMETRIC SOLUTION IN VACUUM
The condition for a tensor field g µν to be spherically symmetric is that an arbitrary rotation about the center of symmetry turns the functions g µν of x ρ into g µ ν which are the same functions of x ρ . The general form of the centrally symmetric tensor g µν = g (µν) in the spherical coordinates in the Einstein-Straus theory [54] [55] [56] was found by Papapetrou [75] :
where γ, α, β, w and v are five arbitrary functions of the radial distance r. 16 The same form (60) must hold for the purely affine gravity. Without loss of generality we can set β = r 2 . This choice implies that the variable r is defined in such a way that the surface area of a sphere with center at the origin of the coordinates is equal to 4πr 2 . The two special solutions of Papapetrou describe the cases (w = 0, v = 0) and (w = 0, v = 0), respectively [75] . Here, we examine in terms of the purely affine gravity only the first, simpler case. Eq. (39) gives
where the length l is a constant of integration. The linear algebraic equations (43) 
where the prime denotes the differentiation with respect to r. Eqs. (10), (16) and (44) give the non-vanishing components of the star-Ricci tensor:
From Eq. (61) combined with the second and third equation in (63) one finds [75] :
where the length r g (the Schwarzschild radius) and the nondimensional ξ 2 are constants of integration. The condition γ → 1 as r → ∞ requires ξ 2 = 1. The first equation in (63) introduces nothing new. The last equation in (63) gives the only non-vanishing component of the torsion vector,
where we set the integration constant to zero to satisfy S 0 → 0 as r → ∞. 17 For l = 0, we reproduce the Schwarzschild solution of general relativity with the cosmological constant.
The spherically symmetric solution in vacuum given by Eqs. (64), (65) and (66) has √ −g = r 2 sin θ, which is the value corresponding to flat spacetime or the Schwarzschild metric. There is a coordinate singularity at r = r g and a physical singularity at r = 0. However, if we assume that the star-affinity is complex and Hermitian in its lower indices, * Γ ρ µ ν = * Γ ρ ν µ , so are the tensors g µν and R µν due to Eqs. (27) and (43) [52, 53] . Consequently, w becomes imaginary and l 4 becomes negative [110, 111] . If we replace l 2 by iL 2 , the line element corresponding to this solution is given by
Its physical structure is the same as in Moffat's theory of gravitation [71, 72, 110, 111] modifying the Einstein-Straus theory. If L > r g then the region r < L (including the black hole horizon and central singularity) is excluded from physical space since the interval ds 2 becomes negative as r goes below L. It can be shown that the null surface r = L acts like a hard sphere deflecting all particles trying to go inside [110, 111] . If L ≤ r g , the black hole horizon is accessible for particles, but the singular point r = 0 is not. Overall, in the purely affine gravity with a nonsymmetric Hermitian metric, matter in a collapsing star never reaches the central singularity. This nonsingular solution can be maximally extended using a transformation of the coordinates similar to that of Kruskal [112, 113] .
We do not examine here the second Papapetrou's special case since it is generally more complicated [85, [89] [90] [91] . We only mention that this case in the Einstein-Straus-Moffat framework leads to the solution which is nonsingular everywhere in space, including the origin r = 0 [114, 115] . There also exists an exact solution of the nonsymmetric gravity theory depending on three coordinates [116] .
VI. THE SECOND RICCI TENSOR
The second Ricci tensor (18) has the form of the curl of the contracted connection Γ ν ν µ [73] . Actually, this tensor can be represented as the curl of a vector if we use the identity in the second footnote in Sec. III:
where the Weyl vector Γ µ [28, 29] measures nonmetricity:
The second Ricci tensor is invariant under a λ-transformation (56) . Therefore, without breaking the λ-invariance, we can embody Q µν into the gravitational Lagrangian density. We cannot simply replace the Ricci tensor R µν by Q µν in Eq. (19) because the fundamental tensor density (21) would turn out to be antisymmetric, and we could not construct any metric structure associated with such a Lagrangian. Instead, we can assume that the modified Lagrangian density is the sum of two terms,
where α is a nondimensional constant. Since both Ricci tensors R µν and Q µν are independent quantities, 18 the variation of the action becomes
The fundamental tensor density g µν is again given by formula (21) . In addition, we can construct a tensor density associated with the tensor Q µν :
which is antisymmetric and, in general, unrelated to g µν . The field equations corresponding to the action (71) contain Eqs. (39), (43) and (44), which we obtained by equaling the first term on the right-hand side of Eq. (72) to zero. We now require that the sum of both terms there vanishes. The variation of the second Ricci tensor is given by
Consequently, we find
Adding Eq. (75) to the variation (34) and using the principle of least action yield
Similarly to the tensor g µν , we can introduce the contravariant tensor corresponding to the tensor density h µν :
and use it to define the corresponding covariant tensor:
Following the procedure in the last paragraph of Sec. II, we find
Eq. (69) is equivalent to Q [µν,ρ] = 0, which gives
From Eq. (80) it follows that
and the field equations (76) reproduce the field equations (35) . Therefore, the additive term in the Lagrangian density (71) containing the second Ricci tensor Q µν does not affect the spacetime structure of the purely affine gravity. Let us consider another possibility, where the gravitational Lagrangian density is proportional to the square root of the determinant of a linear combination of both Ricci tensors:
where β is a nondimensional constant. In this case, the tensor densities g µν and h µν , defined the same way as previously, are not independent since
Consequently, Eq. (35) reads
and Eq. (38) becomes
Assuming β = − 1 4
19 and using (11) leads again to Eq. (39) . As a result, the field equations (43) remain unchanged. Instead of Eqs. (27) and (79), we obtain
which is equivalent to
Therefore, the effect of the second Ricci tensor in the Lagrangian density (82) is simply to shift the torsion vector S µ by a vector proportional to the nonmetricity vector Γ µ (70) . The term with Q µν which contains the free parameter β can be used to put one constraint on the components of the torsion vector S µ , as does the gauge transformation for the electromagnetic potential. The same effect can be achieved by applying a λ-transformation to the connection. Consequently, the addition of the product of the second Ricci tensor Q µν and a constant scalar to the Ricci tensor R µν in the Lagrangian density (19) is physically equivalent to a λ-transformation involving a scalar function of the coordinates.
The purely affine formulation of gravity allows an elegant unification of the classical free electromagnetic and gravitational fields. Ferraris and Kijowski showed that the gravitational field is represented by the symmetric part of the Ricci tensor R (µν) of the connection (not restricted to be symmetric), while the electromagnetic field can be represented by the second Ricci tensor Q µν [117, 118] . 20 The purely affine Lagrangian density for the unified electromagnetic and gravitational fields is given by
where e has the dimension of electric charge and the tensor P µν is reciprocal to R (µν) . Since the Lagrangian density (88) does not depend on R [µν] , (µν) and the tensor density g µν is symmetric. This construction is dynamically equivalent to the sourceless Einstein-Maxwell equations [117, 118] . 19 We can regard the singular case β = − 1 4 as the limit β → − 1 4 , so that the obtained general results are valid also for this case. 20 Both Q µν and the electromagnetic field tensor F µν are curls.
VII. TORSION
A Lagrangian density is covariant if it is a product of a scalar and the square root of the determinant of a covariant tensor of rank two [5] . The most general covariant tensor of rank two, constructed from the connection through the curvature and torsion tensors (and their derivatives), is a linear combination of the tensors:
, and S [µ;ν] [119] , while there are no scalars constructed this way. 21 In Sec. II we assumed the covariant second-rank tensor in the gravitational Lagrangian to be the Ricci tensor. In principle, any linear combination αR (µν) + βR [µν] could replace R µν . We will not study this case in this work, since, as it can be easily shown, we cannot arrive at a simple relation between R µν and g µν (as in Eq. (27)) using the definitions (21) and (22) .
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In Sec. VI we showed that including the second Ricci tensor Q µν in the purely affine Lagrangian does not affect the field equations and the equations of motion.
Let us consider the Lagrangian in which we add to the Ricci tensor a linear combination of the tensors:
where a, b, c, d and e are nondimensional constants. The variation of the action becomes
;ρ ) +c(g . 23 To obtain the same relation between the fundamental tensor density and the star-affinity as in formula (37), we need all the terms on the left-hand side of Eq. (91) except the first five to equal to the expression of form Ag (89) is dynamically inequivalent to the Lagrangian (19) . Torsion inside the determinant in the Lagrangian, unlike the second Ricci tensor, affects the dynamics of the gravitational field in the purely affine theory of gravity.
VIII. SUMMARY
The main objective of this paper was to review the vacuum purely affine gravity with the nonsymmetric connection and metric, and examine how the second Ricci tensor and covariant second-rank tensors built of the torsion tensor affect the dynamics of the gravitational field in vacuum in the nonsymmetric purely affine theory of gravity. We found that the addition of the second Ricci tensor to the Ricci tensor inside the determinant in the Lagrangian density of the purely affine gravitational field is physically equivalent to the λ-transformation of the connection, i.e. the dynamics of the gravitational field does not depend on the second Ricci tensor. However, the presence of the torsion tensor in the Lagrangian does change the dynamics of the gravitational field, as it occurs in the metric formulation of gravity with torsion. We restricted our analysis to Lagrangians that do not contain tensors reciprocal to the Ricci tensors. We also did not explore the case where the second-rank tensor in the gravitational Lagrangian is a linear combination of the symmetric and antisymmetric part of the Ricci tensor. This case does not give a simple relation between the metric and curvature tensors.
